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Abstract

Strengthening by external post-tensioning is an effective technique to restore the load-carrying capacity of many types of
bridge superstructures. In this paper, external tendons are used for strengthening steel-concrete composite bridges. Analytic
expressions for the increment of the initial tendon force are derived by the principle of virtual work for configurations of straight
and draped tendons under design loads. A new rating equation for bridges is then introduced considering the initial tendon force
and its increment. A systematic procedure is illustrated to determine the number of strands in external tendons and the initial
tendon force using the proposed rating equation. It is demonstrated with an example bridge that the proposed method is suitable
for the strengthening of existing bridges with an external post-tensioning technique.
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1. Introduction

Many bridges that were designed to previous loading

specifications or that have suffered damage or aging, are

now inadequate for current traffic loadings. In general,

existing bridge strengthening as an alternative to complete

replacement or construction of a new one can provide an

effective and economic solution (Conner et al., 2005).

Post-tensioning with external tendons has been considered

an effective method of strengthening or rehabilitating

existing bridges (Troisky, 1989). The advantages of this

technique are to enlarge the elastic range of bridge

behavior, to increase the ultimate load capacity of

bridges, and to improve the fatigue and fracture strength

of bridge components (Saadatmanesh et al. 1989a;

1989b; 1989c). In addition, this technique is easy to

perform and convenient to maintain because the tendons

are exposed outside of bridges. For this reason, post-

tensioning with external tendons has been widely applied

to various types of bridges as a means of strengthening

existing bridges (Harajli 1993, Ng 2003).

There are many achievements for the post-tensioning

technique concerning both experimental and analytical

results. Interesting work was done in three consecutive

papers by Saadatmanesh et al. (1989a, b and c). They

derived analytical equations for positive and negative

moment regions in composite girders strengthened with

external tendons, and showed the validity of the

analytical approach by comparing it with experimental

results. Tong and Saadatmanesh (1992) proposed a

general model for analytical approach in composite

girders strengthened with external tendons and studied

the behavior of continuous composite girders considering

the effects of design variables such as the initial tendon

force, eccentricity of tendons, tendon configurations and

the length of tendons. Li et al. (1995) investigated the

fatigue behavior of composite steel-concrete bridges by

strengthening bridges with external tendons. They carried

out parametric studies of the fatigue test for various

components such as strands, shear studs, and cover plates

and discussed the results by comparing them with the

current bridge design specifications. Similarly, the external

post-tensioning technique for strengthening existing

bridges has been adopted to the wide rages of applications

such as strengthening of two continuous span bridges

(Kaliber et al., 1998), investigation of nonlinear behavior

(Dall’Asta et al., 1998), analytical models for dynamic

behavior (Miyamoto et al., 2000), and the behavior of

lateral-torsional buckling (Gupta et al., 2003). Recently,

Park et al. (2005) investigated the behavior of an in-

service plate girder bridge strengthened with external pre-

stressing tendons. A field-load test was performed using

a design truck load to evaluate the behavior of the bridge
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before and after strengthening. Based on these previous

achievements, we realize that the variables such as the

configuration of tendons, the number of strands and the

initial tendon force should be considered carefully with

respect to the behavior of the bridges in order to

strengthen existing bridges with external tendons effectively.

The main objective of this paper is to propose a new

rating equation considering the increment of the tendon

force due to live loads of bridges in order to determine

optimum numbers of strands in external tendons and the

initial tendon force. Post-tensioning with external tendons

is used for strengthening of steel-concrete composite

bridges. Analytic expressions considering the increment

of the initial tendon force are derived using the principle

of virtual work for configurations of straight and draped

tendons under external loads. Based on these analytical

expressions, a new rating factor equation is proposed

considering the initial tendon force and its increment

under external loads. A systematic procedure is illustrated

to determine the number of strands in external tendons

and the initial tendon force using the proposed rating

equation. An example bridge is also given to demonstrate

the effect of the proposed equation on increasing the load-

carrying capacity of existing steel-concrete composite

bridges.

2. Behavior of a Composite Beam 
Strengthened with External Tendons

2.1. Stress distribution

Figure 1 shows the stress distribution in any cross

section of a simply supported composite beam

strengthened with external tendons under each stage of

loading. Dead load and live load cause compressive

stresses in the concrete slab and top flange, and tensile

stresses in the bottom flange of a steel beam (fDL and fLL
in Fig. 1). The external tendon force causes compressive

stress throughout the cross section of a bridge. The

negative moment due to the tendon force causes a tensile

stress in the upper section, and a compressive stress in the

lower section of the neutral axis (fT in Fig. 1). Since the

initial tendon force is introduced to a bridge under the

dead load, this force may change when a bridge is

subjected to live loading. Accordingly, the increment of a

tendon force also causes stresses in the cross section of a

composite beam as does the initial tendon force (f∆T in

Fig. 1). The total stress of the cross section (ftotal in Fig.

1) are calculated analytically by Eqs. (1)-(3).

(1)

(2)

(3)

where = stress at the top of a concrete slab; =

stress at the top of a upper flange; = stress at the

bottom of a lower flange; MDL = moment due to the dead

load; T = tendon tensile force; MLL = moment due to the

live load; ∆T = increment of a tendon tensile force due to

the live load; Icp = moment of inertia of a transformed

composite section; Acp = cross-sectional area of a transformed

composite section; ecp = eccentricity of a tendon with

respect to the neutral axis of a composite section; y =

distance from the considered point to the neutral axis of

a composite section; n = the modulus ratio of a steel beam

to a concrete slab. The plus sign indicate a tensile stress.

2.2. Loads and tendon configurations

Figure 2(a) shows the bending moment diagram of a

simply supported bridge subjected to the truck load and

the lane loads. Figure 2(b) and 2(c) show bending moment

diagrams for the tendon configurations of straight and

draped cases considered in this study. Under the truck

load (DB) and the lane load (DL) prescribed in the

Korean Highway Bridge design Specification (KHBS,

2005), the increment of a tendon force is calculated with

respect to different tendon configurations in Fig. 2(b) and

2(c). For the DB-truck, the ratio of axle loads (A, B and

C in Fig. 2(a)) is 1/4 : 1 : 1, and the distances among

axles of the DB-truck are K and V. The DL-lane load is

composed of an equally distributed load (q) and two

concentrated loads (Pm and Ps). 

2.3. Determination of the increment of a tendon force 

by virtual work principle

The increment of a tendon force for different tendon

configurations can be determined by various approaches

such as the principle of virtual work (Saadatmanesh et al.
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Figure 1. Stress distribution of a composite beam strengthened with external tendons under each stage of loading.
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1989c, Troitsky 1990), incremental deformation method

(Saadatmanesh et al. 1989a) and finite element analysis.

In this study, we selected the principle of virtual work to

determine the increment of a tendon.

Based on the geometric compatibility, the displacement

at the center of a bridge caused by a unit tendon force

should be equal to the displacement due to applied loads.

The compatibility condition at the center of a bridge may

be written as (Saadatmanesh et al., 1989; Troitsky, 1990)

δ11∆T + δ1P = 0 (4)

where δ11 and δ1P are the displacements due to a unit

tendon force and applied loads, respectively.

For the straight tendon configuration in Fig. 2(b), each

term of displacements is given by the principle of virtual

work as

(5)

for the DB-truck load (6)

δ
11

L 2a–( )
e
2

EsIcp

-----------
1

EsAcp

-------------
1

EtAt

---------+ +⎝ ⎠
⎛ ⎞

=

δ
1P

Pe

EsIcp

----------- 0.281L
2

0.532K
2

1.125a
2

–+( )=

Figure 2. Bending moment diagrams of a simply supported bridge.
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for the DL-lane load (7)

where Es is the elastic modulus of steel girder; Et is the

elastic modulus of tendon; At is the nominal area of

tendon, respectively.

For the draped tendon configuration in Fig. 2(c), each

term of displacements is similarly given by

(8)

for DB-truck load (9)

for the DL-lane load (10)

The increment of a tendon force can be obtained by

substituting Eqs. (5)-(10) into Eq. (4). Table 1 shows

derived equations of the increment of a tendon force with

respect to tendon configurations of straight and draped

cases illustrated in Fig. 2.

3. Verification

3.1. Experiments

A simply supported composite beam was tested to

verify the analytical expressions of the increment of a

tendon force. Fig. 3 shows test specimens for different

tendon configurations of the straight and draped cases,

and Fig. 4 indicates the composite section of the test

specimen. The span length of the test specimen was 4.0

m and the distance between supports was 3.8 m. A thick

concrete slab compositely connected to an H-shaped steel

beam by shear studs. The width and thickness of the

concrete slab were 700 mm and 100 mm, respectively.

An H-shaped steel beam had a web height of 294 mm and

flange width of 200 mm. The thicknesses of the web and

a flange were 8 mm and 12 mm, respectively.

Anchorages of tendons were connected by high

strength bolts at the bottom flange of a steel beam.

Vertical stiffeners were installed near anchorages, load

points and supports to avoid local deformations of the

beam. The sectional area of tendon was 98.7 mm2. The
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Table 1. Increment of a tendon force due to live loads

Tendon configuration Load Increment in the initial tendon force (∆T)

Straight case

Truck (DB)

Lane (DL)

Draped case

Truck (DB)

Lane (DL)

Note: e = ecp

Table 2. Sectional and material properties of a composite beam

Components
Area
(m2)

Moment of inertia
(m4)

Modulus of elasticity 
(MPa)

Unit weight
(N/m3)

Steel beam 7.238×10−3 1.13×10−4 2.06×105 78,500

Concrete slab 7.000×10−2 5.83×10−5 2.40×104 25,000
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tensile strength and yield strength of tendon were 187 kN

and 159 kN, respectively. Tendons were stressed to 50

percent of their tensile strength (93.2 kN per each

tendon). The compressive strength of concrete was

27MPa and the yield strength of steel was 320MPa. Table

2 summarizes sectional and material properties of a

composite beam used in this study.

External loads were applied to test specimens at two

load points as shown in Fig. 5. Strain gauges were

attached on each tendon, upper and lower flanges and the

mid point of a web. Displacements of composite beams

were measured at locations spaced L/4 apart by the linear

variable differential transformer (LVDT). Figure 6 shows

the test specimen with the test machine.

3.2. Analytical expressions

Analytical expressions for obtaining the increment of a

tendon force of test specimens can be obtained by a

similar manner as in Section 2.3. Since experimental

loads of test specimens are different from design loads of

Section 2.3, the terms of Eq. (4) were modified as given

in Table 3.

3.3. Finite element analysis

The increment of a tendon force was also calculated by

finite element analysis. A proprietary software LUSAS

(2005) was used to analyze three-dimensional numerical

models of test specimens. Numerical models of test

specimens for two tendon configurations are given in Fig.

7. A concrete slab, a steel beam and tendons were

modeled by 2240 solid elements, 800 shell elements and

132 bar elements, respectively. Rigid links were used to

model shear connectors between a concrete slab and a

steel beam. External loadings were applied to numerical

models at the same load points of tests. Bar elements,

which represent external tendons, were subjected to initial

strains to describe the initial tendon force.

3.4. Results

Figure 8 compares the increment of a tendon force

obtained from analytical expressions with those of

experiments and finite element analysis. Horizontal and

vertical axes indicate the increment of a tendon force and

applied loads, respectively. As can be seen in Fig. 8, the

increments of a tendon force by analytical expressions are

in good agreement with those of experiments and finite

element analysis for both tendon configurations of straight

and draped cases.

4. Strengthening Strategy for Existing 
Bridges

4.1. Rating equation

The initial tendon stress due to external post-tensioning

decreases the stress caused by dead loads of a bridge.

Consequently, external post-tensioning improves the load

carrying capacity of a bridge. Based on the allowable

stress rating (ASR), the required rating factor (RF) of a

Figure 3. Test specimens.

Figure 4. Composite section of the test specimen.
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member in a composite bridge strengthened by external

tendon stresses is given by

(11)

where fa is the allowable stress of a member; fDL and fLL
indicate the stresses due to dead load and live loads,

respectively; fT represents the stress due to the external

tendon force and is defined as −T/Acp ± (Tecpysb)/Icp in the

upper and lower sections; i is the impact factor calculated

by 15/(40 + span length). 

As previously mentioned, the initial tendon force may

change when a bridge is subjected to live loads after

external post-tensioning is carried out. This change of a

tendon force decreases the stress caused by live loads of

a bridge. Eq. (11) does not account for this aspect of a

bridge behavior. To consider the increment of a tendon

force, we propose a new rating equation as given by

(12)

where f∆T is the stress due to the increment of a initial

tendon force and defined as −∆T/Acp ± (∆Tecpysb)/Icp in the

upper and lower sections. It is noted that the terms of fT
and f∆T always have the opposite sign with respect to

those of fDL and fLL. Since the increment of a tendon force

has a favorable effect on improving the load carrying

capacity of a bridge as well as the initial tendon force, we

can establish a more economical strategy for

strengthening existing bridges using Eq. (12) instead of

Eq. (11).

4.2. Number of strands and initial tendon force

Once the required rating factor for existing bridges has

been determined based on the current traffic loadings, the

number of strands and the initial tendon force can be

obtained by Eq. (12). By transposing both terms, Eq. (13)

can be rewritten as

fT + RF · f∆T(1 + i) = fa − fDL − RF · fLL(1 + i) (13)

By substituting the initial tendon force and its

increment into Eq. (13), the equation can be arranged as
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Figure 5. External loadings and configurations of gauges.

Figure 6. A photo of test specimen.
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(14)

Therefore, the initial tendon force for satisfying the

required rating factor of an existing bridge is determined

as

(15)

The number of required strands (Nt) is subsequently

determined as

(16)

where φt is the reduction factor of the tendon force,

normally taken as 0.4 - 0.6, and Fu is the tensile strength

of a strand. 

In general, the number of strands is determined as an

even number greater than indicated by Eq. (16). Gross

sectional area of tendons is calculated as the sectional

area of each strand multiplied by the number of strands.

The initial tendon force of each tendon is also obtained as

the value of the tendon force T divided by the number of

strands.
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Table 3. Increment in the initial tendon force due to experimental load
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Figure 7. FEM models of test specimens.
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5. Strengthening of an Example Bridge

A plate girder bridge in Korea, which was constructed

in 1973, was selected to illustrate the procedure proposed

in this paper. The length of span is 40 m and the width of

the bridge is 8.4 m as shown in Fig. 9. The thickness of

a slab is 0.2 m. A full shear connection between the

concrete slab and steel beam is assumed. The bridge is

simply supported. The girder of the bridge is composed

of three H-shaped steel beams. The height of steel beam

is 2.2 m. The area of the composite section (Acp) is

1161.75 cm2. The moment of inertia (Icp) is 9732070 cm4.

The distance between the bottom of the girder and the

neutral axis of the composite section (ysb) is 168.76 cm.

The bridge was originally designed to the live load of

DB-18 truck prescribed in KHBS (2005). To enhance the

performance of this bridge enough to keep it in-service

for the live load of DB-24, external tendons with straight

configuration were installed at the bottom of the lower

flange. Two tendons were anchored at 75 mm below the

bottom of the lower flange of each steel beam. The

eccentricity of tendons (ecp) is 176.26 cm. Table 4 shows

the mechanical properties of the strand.

The number of strands and the initial tendon force were

calculated based on the strengthening procedure with the

proposed rating equation. The required rating factor of

the bridge was assumed as 1.2 for the live load of DB-24.

For the lower flange of a steel section, the maximum

bending stresses due to dead and live loads are fDL =

77.50 MPa and fLL = 76.67 MPa, respectively. Eq. (14)

was used to calculate T + RF · ∆T(1 + i) as

(17)

Assuming that φt is 0.6, the number of strands was

calculated by Eq. (15). The result was 824.47 kN/(0.6×

260.68 kN) = 5.27; thus six numbers of strands in tendons

may be appropriate to strengthen this bridge. Cross

sectional area of a tendon (At) was calculated as 1.387

cm2×6 = 8.322 cm2. The increment of an initial tendon

T R+ F ∆T 1 i+( )⋅
1372 7750– 1.2–+ 7667×

1

1161.75
-------------------–

176.26

9732070
---------------------– 168.76×

-------------------------------------------------------------------- 824.47kN= =

Figure 8. Comparison of the increments of a tendon force.

Figure 9. A plate girder bridge strengthened with external tendons (unit: mm).

Table 4. Mechanical properties of the strand

Properties Diameter (mm) Area (mm2) Tensile strength (kN) Yield strength (kN)

Strand 15.20 138.70 260.68 221.48
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force (∆T) was calculated by substituting the cross

sectional area of a tendon (At = 8.322 cm2) into the

equation of the Table 1. The corresponding equation gave

∆T as the value of 39.47 kN. Thus, the initial tensile

tendon force T is calculated as 768.23kN from Eq. (17).

Table 5 shows the stresses at the concrete slab, the

upper flange, and the lower flange of the composite

girder. To avoid the tensile cracks of a concrete slab, the

tensile stress due to bending caused by the initial tendon

force should be smaller than the allowable tensile stress

of concrete, i.e. 2.2 MPa. As can be seen in Table 5, the

tensile stress of a concrete slab of the girder due to the

initial tendon force is smaller than the allowable tensile

stress of concrete. The stress due to the increment of the

initial tendon force was approximately 5% of that due to

initial tendon force. For the live load of DB-24, the

required rating factor 1.2 of this bridge was achieved by

introducing external post-tensioning with the proposed

rating equation.

6. Conclusions

The paper illustrates a systematic procedure of external

post-tensioning technique for strengthening or rehabilitation

of existing bridges. Based on the principle of virtual

work, the initial tendon force and its increment caused by

live loads are determined for external tendon configurations

of straight and draped cases. Analytical expressions for

the increment of a tendon force are verified by comparing

with experiments and finite element analysis results. A

new rating equation is proposed to account for the effect

of the increment of a tendon force. The number of strands

and the initial tendon force are determined to achieve the

required rating factor of existing bridges. The following

conclusions are drawn:

1. For the test specimens, the increment of a tendon

force by the analytical expression is in good agreement

with the results of the experiment and finite element

analysis.

2. The application of an example bridge demonstrates

that the proposed method is suitable for strengthening of

existing bridges with external post-tensioning technique.

Considering the increment of a tendon force, accurate

load rating of a bridge may be possible based on the

proposed rating equation.

3. The increment of a tendon force, which is due to the

live load, is approximately 5% compared to the total

amount of a tendon force. Since the total amount of

strands can be reduced by considering this increment of a

tendon force, a more economical design for strengthening

of a bridge may be feasible.
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